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Max-Rank (in 4 easy steps)
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What is Max-Rank?

Max-Rank [2] is a method to construct hyperrectangular conformal prediction regions for
multivariate regression.
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Inductive Conformal Prediction and Multivariate Regression

We are in the inductive conformal prediction
setting.

Let Dcal =
 

x(i), y(i)(n
i=1

be a calibration set
with true labels y(i) P Rm,
and ŷ(i) = f̂

(
x(i)) the associated predicted

labels with f̂ an underlying model. 0.25 0.00 0.25 0.50 0.75 1.00
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Figure: 2D example of y(i) and ŷ(i) in the label
space
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Max-Rank Step 1: “Internal” Nonconformity Scores

Calculate the “internal” dimension-wise
nonconformity scores β(i) = (β

(i)
1 , . . . , β

(i)
m ) for

all elements of the calibration dataset Dcal .

In the example β
(i)
j =

ˇ

ˇ

ˇ
y (i)

j ´ ŷ (i)
j

ˇ

ˇ

ˇ
.
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Figure: 2D example of β(i) in the score space
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Max-Rank Step 2: Ranks

For all “internal” scores β
(i)
j , determine their

rank in dimension j

ρ
(i)
j = rank

(
β
(i)
j ,

!

β
(k)
j

)n

k=1

)
=

ˇ

ˇ

ˇ

!

k P t1, . . . , nu : β
(k)
j ď β

(i)
j

)ˇ

ˇ

ˇ
.
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Figure: 2D example of ρ(i)j in the rank space
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Max-Rank Step 3: Maximum Ranks

For each i P t1, . . . , nu compute the maximum
rank

α(i) =
mmax

j=1

(
ρ
(i)
j

)
across all dimensions j.

The maximum ranks α(i) act like
nonconformity scores in the classic inductive
conformal prediction sense, however, they are
not.
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Figure: 2D example of the maximum ranks α(i) in
the rank space
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Max-Rank Step 4: Maximum Rank Threshold

For a new test instance x(n+1) construct the
prediction region

Γε
(

x(n+1)
)
=

!

y P Y : α(n+1) (y) ď q
)

(1)

where q is the r(1 ´ ε)(n + 1)s-smallest value
of the maximum ranks

 

α(i)(n
i=1

.

Eq. (1) provides an inclusion rule on the
maximum rank of a candidate label that results
in valid prediction regions [1, 2].

In the example q = 7.
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Figure: Example empirical CDF of the maximum
ranks α(i).
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Rank Space Prediction Region

The inclusion rule of Eq. (1) is equivalent to

Γε
(

x(n+1)
)
=

!

y P Y : ρ
(n+1)
j (y) ď q

@j P t1, . . . ,mu

)

(2)

in the rank space.

In the example q = 7.
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Figure: Prediction region Γε in the rank space
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Score Space Prediction Region

Timans et al. [2] claim the maximum rank
inclusion rule of Eq. (1) translates to

Γ̃ε
(

x(n+1)
)
=

"

y P Y : β
(n+1)
j (y) ď β

(π
(q)
j )

j

@j P t1, . . . ,mu

*

(3)

in the score space, where πj sorts the internal
nonconformity scores

!

β
(i)
j

)n

i=1
of dimension j

in ascending order.

In the example (β
(π

(q)
1 )

1 , β
(π

(q)
2 )

2 ) = (0.24, 0.28).
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Figure: Prediction region Γ̃ε of Timans et al. in the
score space
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Label Space Prediction Region

Using the dimension-wise absolute residuals as
the “internal” nonconformity scores, Eq. (3)
results in

Γ̃ε
(

x(n+1)
)
=

m
ą

j=1

[
ŷ (n+1)

j ´ β
(π

(q)
j )

j ,

ŷ (n+1)
j + β

(π
(q)
j )

j

]
. (4)

ñ Max-Rank is computationally efficient, easy
to implement, and produces prediction regions
that are less conservative than Bonferroni CP
on average.
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Figure: Prediction region Γ̃ε of Timans et al. in the
label space
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Max-Rank Inclusion Rule on Different Levels

Γε
(
x(n+1)

)
=

 

y P Y : α(n+1) (y) ď q
(

Eq. (1): maximum rank rule

Γε
(
x(n+1)

)
=

!

y P Y : ρ
(n+1)
j (y) ď q @j P t1, . . . ,mu

)

Eq. (2): rank space rule

Γ̃ε
(
x(n+1)

)
=

"

y P Y : β
(n+1)
j (y) ď β

(π
(q)
j )

j @j P t1, . . . ,mu

*

Eq. (3): score space rule

Γ̃ε
(
x(n+1)

)
=

Śm
j=1

[
ŷ (n+1)

j ´ β
(π

(q)
j )

j , ŷ (n+1)
j + β

(π
(q)
j )

j

]
Eq. (4): label space rule
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Rank-to-Score Conversion Errors
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Candidate Label in the Label Space

Select a new candidate label ȳ for x(n+1) that
falls just outside the prediction region, i.e.

ȳ R Γ̃ε
(

x(n+1)
)
=

m
ą

j=1

[
ŷ (n+1)

j ´ β
(π

(q)
j )

j ,

ŷ (n+1)
j + β

(π
(q)
j )

j

]
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Figure: Candidate label ȳ outside the prediction
region Γ̃ε of Timans et al. in the label space
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Candidate Label in the Score Space
According to the score space inclusion rule, ȳ
should not be part of the prediction region, i.e.

ȳ R Γ̃ε
(

x(n+1)
)
=

"

y P Y : β
(n+1)
j (y) ď β

(π
(q)
j )

j

@j P t1, . . . ,mu

*

with β
(i)
j =

ˇ

ˇ

ˇ
y (i)

j ´ ŷ (i)
j

ˇ

ˇ

ˇ
,

(β
(π

(q)
1 )

1 , β
(π

(q)
2 )

2 ) = (0.24, 0.28), and

β(n+1) (ȳ) = (0.25, 0.225).
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Figure: Candidate label “internal” scores β(n+1) (ȳ)
outside the prediction region Γ̃ε of Timans et al. in
the score space
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Candidate Label in the Rank Space
However, according to the rank space inclusion
rule, ȳ should be part of the prediction region,
i.e.

ȳ PΓε
(

x(n+1)
)

=

"

y P Y : ρ
(n+1)
j (y) ď q @j P t1, . . . ,mu

*

,

with ranks

ρ
(i)
j =

ˇ

ˇ

ˇ

!

k P t1, . . . , nu : β
(k)
j ď β

(i)
j

)ˇ

ˇ

ˇ
,

ρ(n+1) (ȳ) = (7, 6), and threshold q = 7.

ñ Label space and score space rules are
not equivalent to the rank space rule.
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Figure: Candidate label ranks ρ(n+1) (ȳ) inside the
prediction region Γε in the rank space
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Maximum Rank of the Candidate Label

According to the maximum rank inclusion rule,
ȳ should also be part of the prediction region,
i.e.

ȳ P Γε
(

x(n+1)
)
=

!

y P Y : α(n+1) (y) ď q
)

,

with α(n+1) (ȳ) = max (t7, 6u) = 7 ď 7 = q.

ñ Label space and score space rules are
not equivalent to the rank space and
maximum rank rules.
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Figure: Maximum rank of the candidate label
α(n+1) (ȳ) and the empirical CDF of maximum
ranks.
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Equivalence of Timans et al.’s Inclusion Rules

1 2 3 4 5 6 7 8 9
0.0

0.2

0.4

0.6

0.8

1.0

F(
)

F( )
1 = 0.65
q = 7

(n + 1)(y)

Maximum Ranks

✅

ðñ

1 2 3 4 5 6 7 8 9
(i)
1

1
2
3
4
5
6
7
8
9

(i) 2

(i)

(n + 1)(y)

Rank Space

❌

ðñ

0.0 0.1 0.2 0.3
(i)
1

0.0

0.1

0.2

0.3

(i) 2

(i)

(n + 1)(y)

Score Space

✅

ðñ

0.25 0.00 0.25 0.50 0.75 1.00
y(i)

1

0.25

0.00

0.25

0.50

0.75

1.00

y(i) 2

y(i)

y(i)

y(n + 1)

y

Label Space

Schlembach Smirnov Winands (DACS) Corrected Max-Rank COPA 26 20 / 36



Corrected Max-Rank Implementation
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Corrected Score Space Prediction Region
The rank space rule requires

ρ
(n+1)
j (ȳ) ď q

ô

ˇ

ˇ

ˇ

!

k P t1, . . . , nu : β
(k)
j ď β

(n+1)
j (y)

)ˇ

ˇ

ˇ
ď q

ô β
(n+1)
j (y) ă β

(π
(q+1)
j )

j ,

with β
(π

(q+1)
j )

j = +8 if q + 1 ą n.

Hence, the corrected score space rule is

Γε
(

x(n+1)
)
=

"

y P Y : β
(n+1)
j (y) ď β

(π
(q+1)
j )

j

@j P t1, . . . ,mu

*

. (5)
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Figure: Corrected Max-Rank prediction region Γε in
the score space
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Corrected Label Space Prediction Region

Using the dimension-wise absolute residuals as
the “internal” nonconformity scores, Eq. (5)
results in

Γε
(

x(n+1)
)
=

m
ą

j=1

[
ŷ (n+1)

j ´ β
(π

(q+1)
j )

j ,

ŷ (n+1)
j + β

(π
(q+1)
j )

j

]
, (6)

with β
(π

(q+1)
j )

j = +8 if q + 1 ą n.
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Figure: Corrected Max-Rank prediction region Γε in
the label space
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Equivalence of the Corrected Inclusion Rules
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Corrected Max-Rank Inclusion Rule on Different Levels
Γε

(
x(n+1)

)
=

 

y P Y : α(n+1) (y) ď q
(

Eq. (1): maximum rank rule

Γε
(
x(n+1)

)
=

!

y P Y : ρ
(n+1)
j (y) ď q @j P t1, . . . ,mu

)

Eq. (2): rank space rule

Γε
(
x(n+1)

)
=

"

y P Y : β
(n+1)
j (y) ď β

(π
(q+1)
j )

j @j P t1, . . . ,mu

*

Eq. (5): corrected score

space rule

Γε
(
x(n+1)

)
=

Śm
j=1

[
ŷ (n+1)

j ´ β
(π

(q+1)
j )

j , ŷ (n+1)
j + β

(π
(q+1)
j )

j

]
Eq. (6): corrected label

space rule

with β
(π

(q+1)
j )

j = +8 if q + 1 ą n.
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Experiments
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Experimental Setup

Draw 2n values (ŷ(i) ´ y(i)) „ N (0,σ) from an m-dimensional multivariate normal
distribution, where σ is an m ˆ m matrix with values equalling 1 on the main diagonal and σ
otherwise.

The absolute residuals serve as the “internal” nonconformity score function, such that
β
(i)
j = |ŷ (i)

j ´ y (i)
j |.

All experiments are repeated 1000 times and the results are averaged.
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Experimental Results I: Example Configuration in Detail

§ Calibration set size
n = 25

§ Number of Y dimensions
m = 4

§ Correlation coefficient
σ = 0.5

Corrected Max-Rank is valid
for every
ε P t0.005, 0.010, . . . , 0.995u.
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Figure: Mean error rate
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Metrics

Mean excess error rate =
1

|E |

ÿ

εPE


1

|Dtest |

 ÿ

(
x(i),y(i))PDtest

1
(

y(i) R Γε
(

x(i)
))

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

empirical error rate for significance level ε

´ε



Mean relative interval width difference =
1

|E |

ÿ

εPE
εěN


1

|Dtest |

 ÿ

(
x(i),y(i))PDtest

m
ÿ

j=1

ˇ

ˇ

ˇ
Γε

j
(
x(i))ˇˇ

ˇ

ˇ

ˇ

ˇ
Γ̃ε

j
(
x(i)

)ˇ
ˇ

ˇ


loooooooooooooooooooooooomoooooooooooooooooooooooon

relative interval width for significance level ε

´1


where E = t0.005, 0.010, . . . , 0.995u is the set of tested significance levels, and
N = (m + 1)/(n + 1) ensures no infinite intervals are encountered.
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Experimental Results II: Varying Correlation

§ Calibration set size
n = 200

§ Number of Y dimensions
m = 4

§ Correlation coefficient
σ P t0, 0.05, 0.10, . . . , 1.0u
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Figure: Mean excess error rate
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Schlembach Smirnov Winands (DACS) Corrected Max-Rank COPA 26 30 / 36



Experimental Results III: Varying Number of Dimensions

§ Calibration set size
n = 200

§ Number of Y dimensions
m P t2, 3, . . . , 12u

§ Correlation coefficient
σ = 0.5
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Experimental Results IV: Varying Calibration Set Size

§ Calibration set size
n P t10, 25, 50, 100, 200,
400, 800, 1600, 3200,
6400u

§ Number of Y dimensions
m = 4

§ Correlation coefficient
σ = 0.5
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Figure: Mean excess error rate
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Conclusion
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Conclusion

§ The Max-Rank rank space rule produces valid hyperrectangular prediction regions, is
generally more efficient than Bonferroni CP, and is cheap to compute.

§ The original score space implementation of Max-Rank [2]
§ translates the rank threshold q into the qth smallest calibration score, and
§ does not implement the convention for infinite prediction regions.

§ We propose the Corrected Max-Rank implementation
§ that uses the (q + 1)st smallest calibration score, and
§ implements the infinite prediction region convention.

§ The Corrected Max-Rank implementation restores the finite-sample validity guarantee
at the cost of slightly larger prediction regions.
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Thank you! Questions?
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